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The paper deals with the asymptotic behavior as e — > of the spectrum of Laplace-Beltrami 

operator A £ on the Riemannian manifold M £ (dirnM 6 = N > 2) depending on a small 
q parameter e > 0. M £ consists of two perforated domains which are connected by array of 

tubes of the length q £ . Each perforated domain is obtained by removing from the fix domain 
£^ O C the system of ^-periodically distributed balls of the radius d £ = o(e). We obtain a 

variety of homogenized spectral problems in Q, their type depends on some relations between 
__l s, d s and q £ . In particular if the limits lim q £ and lim <d £ ) N ~ 1 q £ s~ N are positive then the 

homogenized spectral problem contains the spectral parameter in a nonlinear manner, and 
its spectrum has a sequence of accumulation points. 

GO 

Introduction 

The aim of this paper is to study the asymptotic behavior as e — > of the spectrum of Laplace-Beltrami 
operator A £ (with Dirichlct boundary conditions) on the ./V-dimensional Riemannian manifold M £ 
(N > 2) depending on small parameter e > 0. The manifold M £ is embedded in M JV+1 . It is constructed 
in the following way. Let O be a bounded smooth domain in l w and let {D f } f be a system of disjoint 
^ balls ("holes") of the radius d £ distributed e-periodically in ft. Denote tt £ = tt \ \JD £ . Then M £ 

CO 1 

consists of two parallel perforated sets Of and f2| (each of them is the copy of Vt £ ) and the set {G £ } i 

of cylinders of the length q £ and the radius d £ (the cylinder G\ connects the boundaries of i-th holes 
in Of and f2|): 



M £ 



The manifold M £ is presented on Fig.l. We equip M £ by Riemannian metric g £ which is induced on 
• i-H M £ by Euclidean metric in M Ar+1 . More precise description of M £ will be specified later in Section 1. 

We denote by a(— A £ ) = {Af„} m£ N the sequence of eigenvalues of — A £ (here they are renumbered 
in the increasing order and repeated according to their multiplicity). By {u £ n } meN we denote the 
system of corresponding cigenfunctions that are chosen orthonormal in L 2 (M £ ). 

Our goal is to find the homogenized spectral problem in O whose spectrum is a limit of a(— A e ) as 
e — > 0. Let us note that we choose the Dirichlet boundary conditions only for the sake of definiteness, 
all results arc still valid for Neumann or mixed boundary conditions too. 

In one special case of the relationship between e, d £ and q £ this problem was studied in [14] (see 
the remark after Theorem 1.4 below). In the current work we impose much more weaker restrictions 
on d £ and q £ comparing with the work [14]. 

Firstly the homogenization problem on Riemannian manifolds of complex microstructure was 
studied in [5]. The investigations in [5] are motivated by the problem to describe asymptotic behavior 
of colored particles moving in the domain with small obstacles when the number of obstacles tends to 
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infinity: it turns out that this problem can be reduced to the homogenization of diffusion equation on 
some Riemannian manifold depending on small parameter e. 

The next works in this direction were devoted to the homogenization of semi-linear parabolic 
equations and their attractors [6] , the homogenization of harmonic vector fields [7] and the homoge- 
nization of Maxwell equations [20]. The works [7,20] are related to the general relativity (according to 
Wheeler [30] such manifolds can be interpreted as models of the Universe). Some applications of the 
homogenization theory on manifolds were also presented in [15]. 

The asymptotic behavior of the spectrum of Laplace-Beltrami operator on Riemannian manifolds 
of complex microstructure firstly was studied in [26] . In this work the manifold M £ consists of some 
fixed manifold (possibly without a boundary) and an increasing number of attached thin handles. Close 
problems were also considered in [14,17]. The same problem on the manifolds with one attached handle 
of small thickness was studied in [2,8,9] (see also the survey [21], where the convergence of spectra 
is studied on various Riemannian manifolds depending on a small parameter but the dependence on 
this parameter has essentially another nature comparing with homogenization problems). The spectral 
problems on manifolds consisting of a fixed manifold with increasing number of attached small spherical 
manifolds ("bubbles") were studied in [16,18]. 

N 

In the works [5-7, 14, 16, 17, 20, 26] it is assumed that the radiuses d £ of holes are of order e N - 2 
if N > 2 or exp (— a/e 2 ) if N = 2 (incidentally, the homogenization of Dirichlet BVP for Poisson 
equation in the perforated domain with such holes leads to the appearance of the potential like term 
in the homogenized equation, see e.g. [11,22]). Also in the works [14,17,26] it is supposed that the 
length of the attached tubes tends to zero as e — > 0. 

As it was mentioned above in the current work we impose much more weaker restrictions on the 
sizes of holes and tubes: we suppose that d e — o(e) as e — > 0, and the total volume of tubes and the 
length q e of tubes are bounded uniformly in e (e < Eq). For more precise statement see the conditions 
(1.1) below. For example if d £ = de a , q £ = qe* 3 (d, q are positive constants) then these conditions are 
valid iff a > 1, a(N - 1) + /? - N > and /3 > 0. 

Under these assumptions we obtain a variety of qualitatively different types of the homogenized 
spectral problem. It turns out that the type of homogenized spectral problem depends essentially on 
the limits (1.1), (1.4), (1.5) below. The most attention is devoted to the case when the both limits 
q = lim q e and p = lim ((F) ~ q £ e~ N exist and are positive. In this case the spectrum <j(— A 6 ) 

converges to the set A = cr(A(A)) U I (J {(7m) 2 o -2 } I, where <r(A(A)) is the spectrum of some 

operator pencil A(A): each operator A(A) acts in [L2(£l)] 2 and contains the spectral parameter A in a 
non-linear manner (see Theorem 1.1 below). The spectrum of A(A) consists of the sequence {AJ^} m ngN 
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of isolated eigenvalues with finite multiplicity such that for fixed n the subsequence {A^} m£ N belongs 
to the open segment ((tt(ti — l)) 2 q~ 2 , (im) 2 q^ 2 ) and /• (im) 2 q~ 2 . 

m— >oo 

If p = (but q is still positive) the pencil A(A) becomes a linear (see Theorem 1.2). 
In the case q = the spectrum a(— A e ) converges to the spectrum of some homogenized operator 
A acting either in L 2 (Q) or in {L 2 (Q)] 2 and having purely discrete spectrum (see Theorems 1.3-1.4). 

Remark. Such a structure of the spectrum of homogenized problem as in the case q > 0, p > is 
also characteristic for the problems posed on co-called thick junctions. Thick junctions are domains 
with highly oscillating boundary: they consist of a junction body and a great number of attached thin 
domains located along a joining zone on the surface of the junction body. Boundary-value problems in 
thick junctions were studied by many authors (see, e.g., [3,4,19,23-25]). In particular in the work [24] 
the asymptotic behavior as e — >• of eigenvalues and eigenfunctions of the Neumann problem is 
investigated on the junction fl e C R 2 consisting of two domains connected by an e-periodic system of 
thin strips of fixed length. Just as in the current work the spectrum of the homogenized problem in [24] 
consists of the sequence of isolated eigenvalues with finite multiplicity and of the points {P n } n eN that 
divide the eigenvalues into countably many subsequences convergent to the corresponding point P n . 

Another problem that leads to such structure of the spectrum is consider in [31]. Here the author 
investigates the asymptotic behavior as e — > of the spectrum of operator A e = div (a £ (x)W) in fixed 
bounded domain with coefficient a 6 (x) that degenerates as e —> on some disperse periodic set. The 
operator A e corresponds to double-porosity media, at present there is a great number of works related 
to this field (see, e.g., the books [10,22] and references therein). 

The outline of the paper is the following. In Section 1 we describe precisely the structure of the 
manifold M £ and formulate the main results of the paper (Theorems 1.1-1.4) describing the Hausdorff 
convergence of a(— A e ) as e — > 0. Also we illustrate these results on the example mentioned above (i.e. 
d £ = de a , q e = qe* 3 ). In Section 2 we present some auxiliary technical lemmas which are used in the 
proof of main results. In Section 3 we prove Theorems 1.1-1.4. The proof is based on the substitution 
of suitable test functions into the variational formulation of the spectral problem as in the energy 
method using for classical homogenization problems (see e.g. the books [13,27,28]). Finally in Section 
4 we present the results on a number-by-numbcr convergence of the eigenvalues, i.e. convergence as 
e — > of \ e m for fixed number m (Theorems 4.1, 4.4, 4.7), and the convergence of eigenfunctions u e m 
(Theorems 4.3, 4.6). 

1. Setting of problem and main results 

Let £1 be a bounded smooth domain in R N (N > 2) and let D\ (i e 1(e) C 7L N ) be a system of 
disjoint balls ("holes") of the radius d £ with centers at x\ = i ■ £ (i £ 7L N ) such that Df C and 
dist(xf,(90) > |. Here X(e) stands for corresponding set of multiindexes i. We denote 

n e = n\ I |J Df 

In R N+1 we consider the following sets (below x <G R N , zfR, (x, z) e R N+1 ): 

n\ = {(x,z) e R N+1 : x e n E , z = 0}, Vl e 2 = {(x,z) E R N+1 : x € tt e , z = q E }, 

G\ = {(x,z) e R N+1 : xedDf,ze [0,<f]}, 

where q e is a positive number. 

Finally we obtain the set M £ in R N+1 consisting of two perforated domains fif and f2| which are 
connected by the set of cylinders G\ : 



M e = Of U |J G\ J U 

W(e) / 
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We denote by x points of M £ . Also we denote 

S e u = {(x,z) G R N+1 : x G z = 0}, Sfj = {(x,z) G M^ 1 : x G ftD?, z = g e }. 

Clearly M e can be covered by a system of charts and suitable local coordinates {xi, . . . ,xn} ^ 
x G M e can be introduced. In particular in a small neighbourhood of Sf t we introduce them as follows. 
Let (<£>i, . . . , ifN-i, r) be the spherical coordinates in Of with the origin at xf . Here ipi, . . . , ifN-i are 
the angular coordinates (<pi G [0, 27r], ^ G [0, n] (j = 2, . . . , TV — 1)), r (r > c? e ) is the distance to xf 
(that is r = (i £ for the points of 5^). Let (ipi, . . . , <£jv-i, be the cylindrical coordinates in Gf . We 
set xf = ipj (j = 1, . . . ,N — 1), xat = r — d £ (xn > 0) for x G Of and xn — —z {xm < 0) for x G Gf . 
Similarly local coordinates can be introduce in a small neighbourhood of S^. 

Therefore we obtain the ^-dimensional differential manifold M £ . If the point x belongs to 0| 
(k = 1, 2) we assign to x a pair (x, fc), where x is a corresponding point in £ . If the point x belongs 
to Gf (i G we assign to x a pair (<^, z), where ip — (ipi, . . . , ipN-i) are the angular coordinates, 

z G [0, <7 e ]. The boundary of M £ consists of the exterior boundaries of Of and Of, i.e. dM £ = [J {x = 

fe=l,2 

(x,fc) G 0| : x G 50}. 

The Euclidean metrics in M Ar+1 induces on the manifold M £ the Riemannian metrics g £ = 
• It is clear that the metrics g £ is continuous and piecewise-smooth (it is smooth ev- 
erywhere outside the (N — l)-dimcnsional spheres (k = 1, 2, ie 1(e)))- In a small neighbourhood 
of Sfi (i G 1(e)) the components of g £ have the following form in the local coordinates (xi, . . . ,xjv) 
introduced above: 



= <w • < 



N-l 

(xN+d £ ) 2 Q sin 2 Xj, xn > 0, 

at^x 3=0+1 a = l,iV-l, .g„^=<5„/3 

(d £ ) 2 sin 2 x-,-, x N < 0, 

J=ce+1 
JV-1 

(for a = AT — 1 we set ] f sin 2 Xj-:=1). Here 5 a p is the Kronecker's delta. 

j=a+l 

Let us introduce the following functional spaces: 

• L 2 (M £ ) be the Hilbert space of square integrable (with respect to the volume measure) functions 
on M £ . The scalar product and norm are defined by 



(«,«)l 2 (m=)= / uvdx, ||w||l 2 (a^) = \J(u,u) L2{M e), 



M' 



where dx — \/det g e dx\. . Axn is the volume measure on M £ ; 

H 1 (M £ ) be the Hilbert space of square integi 
The scalar product and norm are defined by 



• H 1 (M £ ) be the Hilbert space of square integrable functions on M £ with gradient from L2(M £ ). 



(w,«)ffi(M<0 = J {^ e u ■ \7 £ v + uv^jdx, \\u\\m( M e) = \J{u,u)m(M*), 

where V e w- V e w is the scalar product of the vector fields V £ it and V e- D with respect to the metrics 

N du dv 

q £ . In local coordinates V £ u ■ V £ v = > g" /3 1 — — — — , where g" 13 are the components of the 

^ ye dx a dx p ' 

a,p=l 

tensor inverse to g £ a ^ 

Hq(M £ ) be the subspace of H 1 (M £ ) consisting of functions u: u\qm? = 0. 



Homogenization of spectral problem on Riemannian manifold 5 

It is well-known (see e.g. [29]) that for any f £ € L 2 (M e ) there exists the unique uy € Hq(M £ ) 
such that 

(V £ <4, V £ ^) i2(M =) - (/W) i2 (M=), w e G ffoW)- 

Thus we have the operator T £ that acts in L2(M £ ) and is defined by the formula T £ f £ = Uj. This 
operator is compact and self-adjoint. We denote A e = — (T e ) _1 . The operator A e is called Laplace- 
Beltrami operator (with Dirichlet boundary conditions). In local coordinates it has the following form: 

A £ is the self-adjoint operator with purely discrete spectrum. We denote by a(— A £ ) = {A^} me N 
the sequence of eigenvalues of — A e written in the increasing order and repeated according to their 
multiplicity: 

< Af < Af < ...< Af„< ... -> oo. 

m— >0 

By { u m} m eN we denote the system of corresponding eigenfunctions such that {u e a , «^)i, 2 (M e ) = <W- 

Our goal is to describe the asymptotic behavior of a(—A £ ) as e — > 0. As it was mentioned in the 
introduction we choose the Dirichlet boundary conditions only for the sake of definitencss. 

Remark. We have noted above that g £ is the piecewise-smooth metrics. Nevertheless g £ can be easily 
approximated by the smooth metrics g that differs from g £ only in small <5(e)-neighborhoods of 
while in this neighborhoods g £ and g eS are sufficiently close (see e.g. [5] for the exact construction). Let 
A sS be Laplace-Beltrami operator corresponding to the metrics g eS . If 8(e) converges to sufficiently 
fast as e — > then the limits as e — > of the spectrums a(— A eS ) and a(— A £ ) are the same. This can 
be proved using for example the double-sided inequality in the end of section "Outils" in [2]. However 
it is more convenient to carry out the proof of the results for the piecewise-smooth metrics g £ . 

We will solve our problem under the following assumptions: 

d e (d £ ) N ~ 1 Q e 
lim — = 0, 3 lim- — » r = p, 3 lim q £ = q, p, g€[0,oo). (1.1) 

Obviously the condition p < oo implies that the total volume of cylinders G\ is bounded uniformly in 
e (e < £o). 

In the simplest situation d £ = de", q £ = qe 13 (d, q > are constants) conditions (1.1) are valid iff 
a > 1, a(N -l)+f3-N>0 and /? > 0. This example (for N > 2) will be discussed after Theorems 
1.1-1.4 below. 

In order to describe the behavior as e -> of a(—A £ ) we use a concept of Hausdorff convergence. 

Definition. Let A £ C R be the set depending on the positive parameter e. We say that A £ converges 
as e — > in the Hausdorff sense to the set Aq if the following conditions hold: 

if \ e E A £ and lim A e = A then Ao G Aq, (A) 

for any Aq € Ao there is X s <G A e such that lim A £ = A . (B) 



n£N 



Now we are able to formulate the main results of the paper. Starting from the case q > 0, we 
introduce the following operator pencil A(A), A e C \ [j {(^rn) 2 q~ 2 }: the operator A(A) acts in 

[L 2 (^)] 2 , it is defined by the operation 

/ 

A(A) = 



pu)\f\ 
q tan(gv / A) 



pojyX 



\ qsin(qV\) 



gsin(gvA) 
-A+ PUjVI 



AI 



q tan(g\/A) / 



6 Andrii Khrabustovskyi 

and by the definitional domain D(A(A)) = {U e [H 2 (Q)} 2 , U|ao = 0}. Here by lo we denote the volume 
of (N — l)-dimensional unit sphere, I is the identical operator. By a (A(A)) we denote the spectrum of 
the pencil A(A), i.e. the set of such A e C \ 1J {(7rn) 2 g -2 } that the operator A(A) does not have a 

bounded inverse operator. A number A is called an eigenvalue of the operator pencil A(A) if A(A)U = 
for some U^O. 

Theorem 1.1. Suppose that q > and p > 0. Then as e — > the spectrum cr(— A e ) converges in the 

Hausdorff sense to the set A = a (A(A)) U ( |J {( 7Tn ) 2 <1~ 2 } 

The spectrum cr(A(A)) consists of the isolated eigenvalues AJ^ (m,n € N) with finite multiplicity 
which are distributed on the positive semiaxis in the following way: 

VneN: (7r(n- l)fq~ 2 < A? < A™ < ... < \ n m < ... -> (jmfq- 2 (1.2) 

In the last section we will perfect the result of Theorem 1.1 proving that Vm e N \ e m — > XL 
(Theorem 4.4). 

Theorem 1.2. Suppose that q > and p = 0. Then as e — > i/ie spectrum a(— A £ ) converges in the 
Hausdorff sense to the set A = a (A) U I 1J { (im) 2 q~ 2 } I . /fere <r (A) is t/ie spectrum of the operator 
A that acts in [L 2 (fi)] 2 and is defined by the operation 

A~ft 1) (1-3) 



and &?/ i/ie definitional domain T>(A) = {U e [i/ 2 (il)] 2 , U|an = 0}. 

In the last section we will perfect the result of Theorem 1.2 proving that if the number m is 
sufficiently large then A^ — > 7r 2 q~ 2 (Theorem 4.7). 

In the case q = wc additionally suppose that the following limits exist: 

SP, D=li m D ' 

where 

D £ = 



r = lim e , D = lmw, r, D e [0, oo] (1.4) 



| In rf e | - 1 , TV = 2, 
(d s ) N - 2 , N>2. 

If D e (0, oo) we suppose that the following limit exists: 



Q = lim < 

£->0 



q N = 2 



J |lnde| ' " " Qe[0,oo] (1.5) 

Theorem 1.3. Suppose that q = 0, r = oo, D = oo. Then as e — > i/ie spectrum a(— A e ) converges 
in the Hausdorff sense to the spectrum cr(A) o/ operator A i/iai acts in £2^) <wid is defined by the 
operation 

1 ^ 



A = - ( 1 + -pw ) A (1.6) 



and 01/ t/ie definitional domain T>(A) = {u e H 2 (£l), u\gn = 0}. 
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Theorem 1.4. Suppose that q = and either r < oo, D = oo or D < oo. T/ien as e — > f/ie spectrum 
o~(— A £ ) converges in the Hausdorff sense to the spectrum of operator A that acts in [Z/2(^)] 2 om,d is 
defined by the operation 



A = 



-A + V 

-V 



-V 
-A + V 



(1.7) 



and by the definitional domain 2?(A) = {U € [Jf 2 (£1)] 2 , \J\dn = 0}. Here V is t/ie operator of multi- 
plication by constant 



V 



roj, 
(N - 2)wD 

2 + (A-2)Q' 
2ttD 



Q' 



< r < oo, D = oo, 

< D < oo, Q < oo, N > 2, 

< D < oo, Q < oo, N = 2, 

(r = 0, D = oo) or (0 < D < oo, Q = oo) or (D = 0). 



(1.8) 



Remark. In the case N > 2, lim — =0 and — = const (i.e. Gf is the d e -homothetic image of the 

fixed cylinder) our problem was also investigated in [14, Chapter 2] by using T-convergence technique. 
In this case d £ and q £ satisfy the conditions of Theorem 1.3 (if D = oo) or the conditions of Theorem 
1.4 (if D < oo). The results obtained in the current work agree with the results obtained in [14]. 

Example. We consider the example mentioned above: let d £ — de a , q £ — qe' 3 (d, q > are constants). 
Also let N > 2. 

Let us consider the coordinate plane (a,/3) (see Fig. 2). On this plane we mark some important 
points: A = (1, oo), 5 = (1,1), C=(^ T ,o), D = (cx>,0), E = ^) , F = oo) , G = 




1 TV N 



N - 1 N - 2 
Figure 2. Plain (a, f3) 



Since conditions (1.1) hold iff a > 1, a(N — l)+f3 — N > and (3 > then we are restricted by the 
set involving the open unbounded domain whose boundary is the polyline ABCD, the open segment 
(B, C) and the ray [C, D). It is easy to see that Theorems 1.1-1.4 describe the behavior of a(—A £ ) for 
all (a,/3) from this set. Indeed: 

• In the point C we have q — q, p = d 7V_1 q. This case is described by Theorem 1.1. 

• On the open ray (C, D) we have q = q, p — 0. This case is described by Theorem 1.2. 
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• In the open domain Si whose boundary is the polyline ABCEF we have q = 0, r — oo, D = oo. 
This case is described by Theorem 1.3. Here p — and therefore the homogenized operator is 
-A. 

• On the open segment (B,C) we have q = 0, r = oo, D = oo. This case is also described by 
Theorem 1.3 but here p = d Ar_1 q > and the homogenized operator is — (l + |d Ar_1 qu;) A. 

• In the open segment (C,E) we have either q = 0, r = d JV_1 q _1 , D = oo, on the ray [E,F) we 
have q = 0, D = d w ~ 2 , Q < oo. These two cases are described by Theorem 1.4 (by the way in 
the point E we have Q = d _1 q, on the open ray (E, F) we have Q = 0). In this case V > 0. 

• On the open domain £2 whose boundary is the polyline FECD we have r = 0, D = 00 (within 
the triangle CEG) or D = (in the open domain whose boundary is the polyline FGD) or 
D = d w ~ 2 , Q = 00 (on the open segment (E,G)). This case is described by Theorem 1.4 but 

here V = 0, the homogenized operator is — 

We remark that the spectrums of homogenized operators in Si and £2 coincide but the multiplicity 
of each eigenvalue in £2 is of two times grater then its multiplicity in £1. This difference will be taken 
into account in Section 4 where a number-by-number convergence of the eigenvalues is studied. 

Also we remark that in the case N = 2 we have D = 00 for any a. Therefore in this case in order 
to cover all types of homogenized problems we also have to consider the radius d £ that tends to zero 
faster then e a , Va. For example if d £ = exp(— a/e 2 ) (a € (0, 00)) then D = a -1 . 



1} 



2. Auxiliary results 

In this section we obtain some technical lemmas which are used in the proof of Theorems 1.1-1.4. 

Let us introduce the list of notations. Recall that if the point x belongs to 0| (k = 1, 2) we assign 
to a; a pair (x,k), where a: is a corresponding point in fl £ ; if the point x belongs to G\ (i <G 1(e)) we 
assign to x a pair (ip, z), where (p = (ipi, . . ., tfN-i) are the angular coordinates, z G [0, q 6 ]. 

• Of be the cube in with the center at x\, side- length e and edges which are parallel to the 
coordinate axes; 

• B £ kl = {x = (x, k) e Of : d £ < \x - xf\ < e/2}; 

• Cfci = {£ = (x, k) e n% : \x-x\\ = e/2}; 

. Sf [r] = {x = (<p,z) e G\ : z = r} , r e [0, q £ ] (that is S e u = Sf [0], S £ 2l = S![q £ }); 

• (u}b (where either B C M e or B C !1) be the mean value of the function u G L 2 (B). That is 

(u) b = 77^7 / where \B\ is the volume of B; 
\B\ J 



'N-l 

Sn-i be the (N— l)-dimensional unit sphere, dip = I J| sin fc_1 ^jfc I dtpi. . .dipN-i be the volume 



measure on Sn-i\ 



k=i 



C, Ci, C2, etc. be generic positive constants independent of e. 
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We introduce the operators X s : C a (n) ->■ L 2 (Q), Q £ : L 2 {Sl) L 2 (Q), B% : L 2 {M e ) -> L 2 {Q), 
S% : L 2 (M S ) -> L 2 (Q) by the following formulae 



[X*u\{x) 



[B%u'](x) 



u(xf), xeDf 



0. 



n\ U n? ; P e «]( a; ) = s o, o\ u 



ieX(e) 



ieX(e) 



(2-1) 



(u e ) Bl . XGDf 



(u e ) s >, xeDf 



0. 



n\ u n? ; [SkV e K*) = < o, n\ u 



ieX(e) 



ieX(e) 



Also we introduce an extension operators II| : H 1 (M £ ) — > (fc = 1, 2) such that 

if x € ST then [nfu £ ](a;) = w e (x), x = (x, fc) € fif ; 

Vu e e ^(fil) : ||n|« e || ff i (n) < C|| u £ || ffl(n|) . 

It is well-known (see e.g. [1,12]) that such operators exist. 

Lemma 2.1. Let u £ G H 1 (M £ ). Then the following inequalities hold: 



\(u £ ) st -(u £ ) Bt r<c- 



||W 12 



= 1,2, i GX(e), 



ii. |(n|^) nf -K) BL p<c £ 2 - w |!vn| M £ ||i 2(nf) , fc = i,2, iei(e) 



(2.2) 
(2.3) 



III. |(„«) s;[n] _( u «) s . w | < w -i||v e « e ||i 2(Gf) ^^, Vn.T^G [0,<f], ieX(e). (2.4) 

Proof. I. Let us fix fc and i, and let us introduce a spherical coordinates (<p,r) in B^. Here r is 
a distance to x\ (r > d e ), ip = (ipi, . . ., (fN-i) are the angular coordinates. Let x — {<p,d £ ) € S^, 
y = (ip, r) e B £ ki . We have 



r 

u £ (x)-u £ (y) = - J 



du £ (ip,T) 
dr 



dr. 



Then we multiply this equality by r N 1 dipdr, integrate from d £ to e/2 (with respect to r) and over 
Sjv-i (with respect to if), divide by 1-Bf.J and square. Using Cauchy inequality we obtain: 

2 



,2 1 

\{U £ ) Sli ~ {U £ ) Bf] = 



B £ \ 2 



e/2 



e/2 



d 

e/2 



Sjv- 

du £ ((p,T) 



<9u%,t) 



dr 



(ip, T)drdipdr 



Sjv-i d e 



Sjv-i d e 
2 



< 



<9r 



e/2 



r^drdip 



dr . J|V« e " 2 



r JV-l 



< c- 



II. The inequality (2.3) is a particular case of Lemma 2.1 from [18]. 

III. Let x = ( V ,ti) € Sf[n], y = (<^,r 2 ) G 5f[r 2 ]. Then u e (i) - u £ (y) = - j 

Tl 

obtain 



du e {ip,T) 
dr 



dr, and we 



< w _1 |ti - t 2 



< 



Sjv-i r l 



du £ (ip, t) 
97 



dTdip!. . .dtpN-! < W \\^ e \\L a (G' t ) -^pyf=i - D 
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T^Ch/fs\ IIV7£,,e||2 



Corollary 2.2. Let u £ <= H 1 ^ 6 ), \\ V £ u e || 2 a(Me) < C and n|w e u fe strongly in L 2 {9) (k = 1,2). 
Then we have 



if D = oo : 



if lim^4^ = (): 



AT 



[ —^\\stum 2{n) 



0, 



i/r = D = oo: u x = u 2 and lira ^ IK||| 2(G |) = pw|K||l 2(n) . 

£ i€X(e) 



(2.5) 
(2.6) 

(2.7) 
(2.8) 



Proof. We present the proof only for the statement (2.5) (another statements are proved similarly 
using Lemma 2.1). One has: 

\\S^ - ut\\ L2(n) < (\\S%u e - Btu s \\ L2{n) + \\B e k u e - D e IL%u B \\ La(n) + 

+ \P £ U%u s - U%u s \\ L2(n) + \\U%u s - u k \\ L2{n) ) . (2.9) 
Due to the inequality (2.2) the first term in (2.9) tends to zero if D = oo: 

»ex(e) 

In a similar way inequality (2.3) implies that the second term also tends to zero. The third term tends 
to zero by virtue of the Poincarc inequality for the cube Df . And finally the last term tends to zero 
by the given data. Thus the statement (2.5) is proved. □ 

Lemma 2.3. Letq=p = 0. Let u £ <= H 1 ^! 6 ), || V e u £ || 2 2(ME) < C. Then 

£m E IKHL(G f )=0. 

ieZ(e) 



Proof follows directly from the following inequality: for Vw e € H (M E ) 



l« e ll&f<cu« e )l|v« e ||i a(G . ) + 



+ 



4 



(2.10) 



This inequality is proved in [17] (Lemma 2.2) for N — 2. For N > 2 the proof is fully similar. □ 

Lemma 2.4. Lef g > 0. Let \ e G cr(— A e ), u e be the corresponding eigenfunction such that \\u £ \\i j2 (m e ) = 
1. Suppose that A e -> A ^ (J |(7m) 2 g~ 2 } and II|u e -> u fe e Hn(f2) (& = 1,2) strongly in L 2 (Cl). 



TTiera if p > one has 



nGN 



lim E H« e |lL(Gf)=PW^*i^ll«illL a (n) + 

4 eX(e) 



'{*l(ll 



qy% - sin(aVV) cosfcyAp) 

WFIBTC K,\ — ~ ft~~ , . n^2 — — 



u 2||! 2 ( )) +2fc 2 (ui,u 2 ) 
g\Ao cos(g\Ao) - sin(gy / Ao) 



L 2 (n) f, 



(2.11) 



2gv%sin (gVAo) 
If p = one /ias 



2g\Aosin (gVAo) 



I™ E iKiiL(G f) = o. 

ieZ(e) 



(2.12) 
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Proof. We introduce on G\ the function v £ (ip, z) = (u £ ) s <,^ (it is clear that vf is independent of 
ip). By the Poincare inequality 

£ IK - <|| 2 Gf < C(d £ ) 2 llV e « e ||£ 2(Gf) < C(d £ ) 2 X £ . (2.13) 

Since — A £ u £ — X £ u £ then it is easy to see that 

-(vl)" = X £ vl, zG(0,q% v!(0) = (u £ ) SU , v £ ( q £ ) = (u £ ) Sk . (2.14) 

SolongasA 6 ->• A ^ U {(irn) 2 q~ 2 } and <? £ then for sufficiently small e X s U {( 7rn ) 2 (<? £ ) -2 }- 
Therefore the problem (2.14) has the unique solution 



/ — / — (u £ )s e — (u £ )s E cos(q £ VX £ ) 

vf{z) = A £ sm(zVX) + B £ cos(zVX £ ), where A\ = /S » ./ " -, Bf = (u £ ) su . 

sm(q £ vX £ ) 

Direct computations show that 

ll«f llL (Gf) = u{d £ ) N -\ £ {k\ [{u £ )l {i + (u £ )l L ) + 2k £ (u £ ) S!t ■ (u £ ) ss 



whcrc = gVF-^^cosyVF) ^ = ^cos( g VF)-siy7F) Thcrcforc 

2q £ VX £ sm 2 (q £ VX £ ) 2q £ VXf sin 2 (q £ VA7) 



k\ {\\Slu £ \\ 2 L2{n) + \\S £ 2 u £ \\ 2 L2{n) ) +2k £ 2 (S £ 1 u £ 1 S £ 2 u £ ) L2(n X (2.15) 



iel(e) 

(d £ ) N - 1 q £ 
= Pi- 
Then (2.11) follows directly from (2.15), (2.13) and Corollary 2.2 (sec (2.5)). Similarly (2.12) follows 
from (2.15), (2.13) and (2.7). Lemma is proved. □ 

3. Proof of the main Theorems 

3.1. Proof of Theorem 1.1 

Step 1. Firstly we prove that condition (A) of the Hausdorff convergence holds. Let A £ £ cr(— A £ ) 
and A e — > A . If Ao € U {( 7rn ) 2 <7 -2 } then (A) is proved. Therefore we are interested in the case 

Ao^ U |(™)V 2 }- 

Let u £ be the eigenfunction that correspond to A e and ||u e ||L 2 (M e ) = 1 (and therefore 1 1 V s it e || ^ 2 (jv^=) ~ 
A e ). Since the functions u £ are bounded in Hq(M £ ) uniformly in e then II|w e (k = 1, 2) are also bounded 
in Hq(M £ ) uniformly in e. Therefore due to the embedding theorem there exists a subsequence (still 
denoted by e) such that 

II|u e u k £ Hq(Q) (k = 1, 2) strongly in L 2 (Q) and weakly in H 1 ^). 

s— >0 

By Lemma 2.4 we have 

1 = 1™ \\u e \\ 2 L2{Mn = |K||| 2 (n) + ll M 2|li 2(0 ) + P^\ki (|K||| 2(n) + IK||£ 2 (n)) + 2k 2 (u u u 2 )l 2 (Q) J 
and therefore U = f" 1 W 0. We prove that A(A )U = 0. 
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For an arbitrary w £ e H^(M £ ) we have: 

\7 £ u £ • \7 £ w £ dx -\ £ J u £ w £ dx = 0. 

M' 

Let us introduce the following test function w £ : 

w £ (x) = < 



(3.1) 



w k(x) + ^2 [ w k{xf)- w k (x) | • ,; 

ieT(e) 



(3.2) 

£ = (¥>,*) G Gf, ieX(e). 



Here w k (x) £ C^(f2) (fc = 1, 2) are arbitrary functions, ip(r) : [0, oo) — > R is a smooth positive function 
equal to 1 as r < 1 and equal to as r > 2, vf(z) is defined by the formula: 

x ^ • / /t % , /r . , ._ w 2 (x £ ) — wi(x £ ) cos(q £ V\ £ ) „. , 

v? (z) = 4? sm(zVF) + Bf cos(zVA?), where Af = A ,; , ^ ^==-^ Bf = Wl (x £ ) 

sm(g e v A e ) 

(we suppose that e is sufficiently small so that X £ £ [J {(7rn) 2 (g e )~ 2 }). It is easy to see that 

-(«?)" = A e «?, z G (0,<f ), v £ (0) = Wl (x £ ), v £ (q £ ) = w 2 (x £ ). 
We denote ipf = tp (\x — x\ \/d e ). 

Substituting this w £ into (3.1) and taking into account that 



we obtain 



0=J2 (v(Il £ k u £ )-Vw k -\ £ (Il £ k u £ )w k )dx+ 

fc=l,2^ s ^ / 



+ E 



ieX(e) 



sin(g £ vA^) 



+ E 



iel(e) 



(d e r-WA e 

sin(g £ V / A^) 



(« e )« • cos(g e v^) - (« e ) s . • + <5 e (3.3) 



VI (w fe «) - (x) • V« £ (a;)- 



and the remainder 

^=E/E 

- X £ (w k (x £ ) - w k (x))ip £ {x)u £ (x) 
is vanishingly small as e — > (since |w(a;f) — w e (x)| < Cc? £ for a; G supp(^?f) ): 



dx (3.4) 



m<c\\ u £ \\i Hn) J2 isu PP ( V f)i c -> o o. 

iei(s) 
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We rewrite (3.3) in the form 



1 1 n J \ / 



+ ■ r^, J (s\u e ■ cos(<f - S £ 2 u £ ) V Wi (h + 



sin(g e VA e ) 

+ ^ ^ f (s £ 2 u £ ■cos(q £ V r X £ )-S £ 1 u £ )x £ w 2 dx + S £ , (3.5) 

e sin((7 £ vA e ) J V / 

where the operators X s , Sf, (k = 1,2) are defined by the formulae (2.1). 

It is obvious that for any w G C (CI) X e w — > w strongly in L 2 (Cl). Moreover since p, q > then 

D = oo and therefore due to Corollary 2.2 (see (2.5)) Sf,u £ — ► uu strongly in L 2 (Cl). Therefore passing 
to the limit (as e — > 0) in (3.5) we conclude that 

= V" / f Vu fe • Vwfc - A Mfe Wk] dx+ — , / (ui ■ cos(g V^o) - M 2^1 w x dx+ 

t r^o V V J Q Bin(g>/Ao) V V / 

y • cos(gVAo) — Mi^w 2 (ix, Vioi, u?2 S Co°(fl). (3.6) 



<7 sin(g v / Ao) 

S2 

It is easy to see that (3.6) implies that A(Ao)U = 0. The fulfilment (A) is proved. 

Step 2. Let us prove the fulfilment of the condition (B) of the Hausdorff convergence. 

Firstly suppose that Ao € er(A(A)). We have to prove that there exists A e € <r(— A £ ) such that 

Proving this indirectly we assume the opposite. Then the subsequence (still denoted by e) and a 
positive number 5 exist such that 

min \\ a -\ £ \>5. (3.7) 

Since Ao belongs to the spectrum of A(A) there exists F = (y J € [L2(Cl]} 2 such that 

F^ImA(Ao). (3.8) 

Let us consider the following problem on M £ : 

~A £ u - X a u = f £ . (3.9) 

In view of (3.7) this problem has the unique solution u £ (x) e Hq(M £ ) for an arbitrary f £ e L 2 (M £ ). 
We set 



/ e (i) = 

One has 



fk(x), x £ (x,k), fc = 1,2, 
0, x e Gf, i 61(e). 



|,e,| ^ ll/ £ |U 2 (M-) „ 

V £ U £ ||i 2(Me) < |A | • \\u £ \\l 2(MC) + \(t,u £ ) L2{ Me)\ < C 2 . 
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Therefore ||n|M e || ffl ( f2 ) < C (k = 1, 2) and by the embedding theorem there exists a subsequence (still 
denoted by e) such that H%u £ Ufe e H^fl) = 1> 2 )- 



e->0 



For an arbitrary w £ e Hq(M £ ) we have the following equality: 

(V £ u £ • V £ w £ - \ £ u £ w £ - f £ w £ ) dx = 0. 



/ 



(3.10) 



Let us substitute into (3.10) the function w £ defined by the formula (3.2) and pass to the limit in 
(3.10) as e — > 0. Similarly to "Step 1" we prove that 



A(A )U = F, U = 



Thus we obtain a contradiction to (3.8). 

In order to complite the verification of the fulfilment of (B) we have to prove that for any Xq G 
U {(Tm) 2 q~ 2 } there exists A e e er(— A e ) such that A e — > A . But this fact follows directly from 

the structure of ct(A(Ao)) (see (1.2)). Indeed (1.2) implies that for some n € N Ao = lim AJ^, A" t e 

m— >oo 

cr(A(A)), while wc just prove that min |A™ — A e | — > 0, hence min |A — A e | -4- 0. 

A E Gcr(-A E ) £->0 A E Gcr(-A E ) e^O 

Therefore it remains to prove the statement (1.2). We will prove it on the final third step. 

Step 3. First of all let us note that on the Step 2 it was proved that the spectrum <t(A(A)) of 
A(A) belongs to [0, oo) (because each point of u(A(A)) is a limit of positive numbers from a(— A e )). 
Therefore now we are interested only in the case A > 0. 

Ul 



Let U 
that if 



then 



u 2 



e {U e [H 2 (n)] 2 , U|an = 0}. We denote u± 



Ui ± U2- Then it is easy to obtain 



A(A)U = F, F = 



-Au+ 
-Au~ 



. pUl rr 

A H v A tan 

1 



A 



pu 



qVx 
> gx/A < 



+ = /+, 
- = t 



r = h ± h 



Thus cr(A(A)) coincides with the spectrum of the pencil A(A) which is defined by the operation 



A(A) = 



/ 



V 



puj 



VX tan 



\ 



/ 



AI 



(3.11) 



and by the definitional domain 2?(A(A)) = 2?(A(A)). Obviously the spectrum of A(A) consists of such 
A > that solves at least one of the following equations: 



A + — VAtan 
Q 



A V A cot 



— (1 G {MrolmeNi 
= V G {Hm} m eN, 



(3.12) 
(3.13) 
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where < \i\ < [i 2 < ■ ■ ■ < ^ m < • • • — > 00 is the sequence of eigenvalues of the operator —A in f2 

(with Dirichlct boundary conditions on dfl). 

Let J n = ((n(n — l)) 2 q~ 2 , (irn) q~ ) where n be odd. Then it is easy to obtain that if m > M n , 
where M n is sufficiently large number depending on n, then in J n the equation (3.12) with the right- 
hand-side /j, = fi m has the unique root AJ^ tan and moreover AJ^ tan — > (nn) 2 q~ 2 . The equation (3.13) 

m— 7-00 

also can have the roots A^ cot on the segment J n but the number of such roots is finite (because on 
J n the function in the left-hand-side of (3.13) is bounded above). Note that possibly some A solve the 
equations (3.12) and (3.13) simultaneously (of course in this case [i^v). 

Thus we have a countable set of point in J n which are the roots of one of the equations (3.12), 
(3.13) and therefore this points are the eigenvalues of A(A). This set has only one accumulation point 

(™)V 2 - 

The same arguments are used if n is even (in this case tan {^^j and — cot {^^j change places). 
Thus the statement (1.2) is proved that completes the proof of Theorem 1.1. □ 

3.2. Proof of Theorem 1.2 

The fulfilment of the condition (A) of the Hausdorff convergence is proved similarly to that one in 
Theorem 1.1. Therefore we give only a sketch of the proof. 

Let A e e <t(— A e ), A £ — > A . If A € \J {(7m) 2 g -2 } then (A) is proved. So we consider the case 

£ ^° nGN 

Ao^ U |(™)V 2 }. 

Let u e be the eigenfunction that corresponds to A £ and ||u £ || i2 ( M =) = 1. Then there exists a 
subsequence (still denoted by e) such that U £ k u £ — >• u k e Hq(H) (k = 1,2) strongly in L 2 (fl) and 

weakly in i? 1 (17). 

For an arbitrary w £ € Hq(M £ ) the equality (3.1) holds. We substitute into (3.1) the function w £ 
of the form (3.2). Using (2.7) we pass to the limit as e — > in (3.1) and obtain that 

^ / (Vu k Vw k - \ u k w k ) dx = 0, Vwi,W2 e Co°(n). 

fc=l,2j( 

By Lemma 2.4 ll u£ |li rt? e 1 ~^ and therefore U = ( Ul ] 7^ 0. Thus A is the eigenvalue of the 

ieX(e) V 7 

operator A (1.3). 

The fulfilment of the condition (B) in the case A ^ (J {(nn) 2 q~ 2 } is proved completely similarly 
to that one in Theorem 1.1. Therefore it remains to verify the fulfilment of (B) in the case Ao G 

U {(™)V 2 }- 

n£N 

Proving (B) indirectly we assume the opposite. Then the subsequence (still denoted by e) and a 
positive number 5 exist such that (3.7) holds. 

Since A € [j {{■nn) 2 q^ 2 ^ then there exists / G L 2 (0, g) such that the problem 

-ti" - A M = /, x e (0, q), u{0) = u(q) = (3.14) 

has no solutions. 

In order to simplify our calculations we suppose that q £ < q, in the general case the proof needs 
some simple modifications. 

For each e we fix the number j = j(e) e 1(e) (we select this number arbitrarily). We consider the 
problem (3.9) on M £ with f £ g L 2 {M £ ) defined by the formula 

/e( - )= Ud £ r^.f(z), x = {<p,z)€Gl 
\ 0, otherwise. 
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In view of (3.7) this problem has the unique solution u £ (x) <G Hq(M £ ). Moreover since ||/ e |li 2 ( M e) = 
w ll/lli 2 (o q e ) < C anc ^ by virtue of (3.7) the functions u £ (x) are bounded in ff 1 (M £ ) uniformly in e. 
On GJ we represent u £ in the form u £ (ip, z) = u £ (z) + v e (ip, z), where u e (z) = (u s )s 3 [ z ] (recall that 

S-[z] = |a; = (ip, t) £ G s : t = z j). Notice that due to the Poincare inequality 



IKII! 2(GJ) < W 2 ||v^||i 2(q) ^ o o 

We introduce the operator W : H 1 (G £ ) — > _ff 1 (0,q) by the formula 

=1 jV(z), ze[0,q% 



(3.15) 



U £ u s (z) = (d £ ) — 



r (<f), ze[q £ ,q}. 



Due to the Cauchy inequality we have: 

T£„,£||2 ' 



l|n^||£ 2(M < -\\u £ \\i 2{Gf) + (q- q £ )\li £ u £ ( q £ )\, \\(U £ U%\\i 2{Qiq) < -\\V £ U £ \\l 2(Gf) . (3.16) 

UJ J UJ J 

Furthermore using fundamental theorem of calculus it is easy to obtain that 



\U £ u £ (q £ )\ < 2 



(<zTin^||£ 2(0ige) + <f 



dW 



dz 



(3.17) 



It follows from (3.16)-(3.17) that the functions II e u e are bounded in H 1 (Q 1 q) uniformly in e. Therefore 
there exists a subsequence (still denoted by e) such that 

U £ u £ — y u £ H 1 ^, q) strongly in L 2 (0,q) and weakly in 7J 1 (0, g). 

e— ¥0 



We have the estimate 



\V £ U £ \\ 2 T ffl « . \ 



which is proved similarly to (2.2). Using (3.18) and the trace theorem we obtain 



u(0)f = lim (dT->)k UC 1 ™ 



(cf) 



AT— 1 1 



(3.18) 



0. 



Similarly u(g) = 0. Thus u <= £^(0, g). 

Let w € C°°(0, g) be an arbitrary function such that supp(w) C [8, q — 8], where 6 — 8(w) is 
some positive number. Since q £ — > q then for sufficiently small e supp(w) C [8, q £ — 8/2]. We define 



w e e iJg(M £ ) by the formula: 



w%S;)= [(d £ )-^ w (z), x = (<p,z)eGj, 
I 0, otherwise. 



Then we have 



= lim J (V £ u £ ■ V £ w £ - X u £ w £ ~ fw £ ) dx = lira J (V £ u £ ■ V £ w £ - X u £ w £ - f £ w £ ) dx + 8(e) 
' ' dWu £ (z) dw{z) 



= UJ 



dz dz 



- \ Q Il £ u £ (z)w{z) - f(z)w(z) dz + 8(e), 



(3.19) 



Homogenization of spectral problem on Riemannian manifold 17 
where the reminder 5 s = / (— v £ A e w £ — X v £ w 6 )dx tends to zero as e — > by virtue of (3.15) and 



the definition of w £ . Passing to the limit as e — > in (3.19) we obtain 

' du(z) dw(z) 



dz dz 



Xqu(z)w(z) — f(z)w(z) I dz = 



for any function w G C°°(0, g) such that supp(w) C [S,q — S\, where S — 5(w) > is some positive 
number. Since the set of such functions is dense in H$ (0, q) we conclude that u is the solution to (3.14). 
We obtain a contradiction. 

Thus the fulfilment of (B) is completely verified. Theorem 1.2 is proved. 

3.3. Proof of Theorem 1.3 

We restrict ourselves to the proof of fulfilment of condition (A) . The condition (B) is proved using 
the same idea as in Theorem 1.1. 

So let A e — > A , u £ be the corresponding cigenfunction such that ||w e ||L 2 (M e ) = 1- Then there 

exists a subsequence still denoted by e such that H £ k u £ — >• u k G Hq(Q) (k = 1,2) strongly in L 2 (0.) 

and weakly in i? 1 (0). Due to (2.8) and (2.5): u\ = u 2 and lim |jS|u e — m||| 2 (q) = (here we denote 

u = u k ). 

For an arbitrary w £ G Hq(M £ ) we have the equality (3.1). Let us introduce the following test 
function w £ : 



w £ (x) = < 



w(x)+J2 x = {x,k)€Q? k ,k = l,2, 

[w(x £ ), x = {ip,z)€G e i , i€X(e). 



Here to G Co°(ft) is an arbitrary function, <p(r) : [0, oo) — > M is a smooth positive function equal to 1 
as r < 1 and equal to as r > 2. 

Substituting this function into (3.1) we obtain that 

I (v(n| U £ ) • \7w - X £ (H £ k u £ )w)dx - X £ uj (d^-M*?) f(u £ )s t[z] dz + 5(e), (3.20) 

where the remainder 5(e) has the form (3.4) and tends to zero as e — > 0. Also we have 

<f n _ i 
\ £ uj ( d£ ) N ~ lw ( x l) J (u s )sflz]dz = \ £ J dS ^ N qS J X £ w ■ S £ k u £ dx + ^(e), k = 1 V fc = 2, 



i€X(e) 



where the reminder 5i(e) tends to zero by virtue of the inequity (2.4). 
Passing to the limit in (3.20) we conclude that 



/ 



2Vu-Vw - X (2+pLo)uwjdx = 0, Vw G C^°(Q). (3.21) 



By virtue of (2.8) 1 = lim ||« £ ||| 2 ( Me ) = (2 + poj)\\u\\ 2 L ^ n y Therefore u^O. 

Thus (3.21) implies that Ao is the eigenvalue of the operator defined by the operation — (l + \pu) 1 A 
and Dirichlet boundary conditions. Theorem 1.3 is proved. 
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3.4. Proof of Theorem 1.4 

As in the previous theorem we restrict ourselves to the proof of fulfilment of the condition (A) . 
Let \ £ — >• Ao, u £ be the corresponding eigenfunction such that || u£ |li 2 (M E ) = 1- Then there exists 

a subsequence (still denoted by e) such that H £ k u £ — > u k e Hq(Q,), k = 1,2 (strongly in L 2 (fi) and 

weakly in if 1 (ft)). 

By Lemma 2.3: 1 = lim ||« £ ||| 2(ME) - ||«i|li a(n ) + IK||| 2(n) . 

For an arbitrary w £ G Hq(M £ ) the equality (3.1) holds. 

We start from the case D = oo, r < oo. Let us consider the following test function w £ : 



w £ (x) 




irjAx]] _ ir; [ i j , | \x | ) s = (a;,fc)ef2|, fe = l,2, 

5 = (^,«)eGf, ieX(e). 



Here Wfe e Cg°(ft) (fc = 1,2) are arbitrary functions, ip(r) : [0,oo) — >• M is a smooth positive function 
equal to 1 as r < 1 and equal to as r > 2, (z) is defined by the formula 

vf(z) = z ■ *J— ^ + Wl (x £ ) 

Q 

Substituting this function into (3.1) we obtain that 
°= E / (v(Tl £ k u £ )-Vw k -\ £ (n £ k u £ )w)d X + ^ {d £ f-^(^fl { u £ ) S s i -^(u £ )s L ) + 

+ (S E + St) = / ( v ( n l u£ ) ' v ™fc - A £ (n|n £ )w;^ dx+ 
fc=1 > 2 o, £ 

+ ^^v^ / (^" £ ~ ^ u£ ) (* £wi ~ ^ £w2 ) dx + ^ + ^ ' (3 - 22) 

where the remainder 6(e) has the form (3.4) and tends to zero as e — > 0, the remainder 6\(e) has the 
form 

6{ = -X £ J u £ w s dx (3.23) 

jeI(e) G = 

and tends to zero in view of Lemma 2.3. 

Passing to the limit as e — > in (3.22) we obtain the following equality: 

0= ^2 / ftu k ■ \7w k - \ u k w k )dx + ruj / (m - u 2 )(w 2 - w 2 )dx, Vu>i, w 2 e C£°(f2). 
fe=1 . 2 n n 

This equality implies that Ao is the eigenvalue of the operator A (1.7). 

Now we consider the case D < oo. For simplicity we restrict ourselves to the case N > 2, in the 
case N = 2 the proof is completely similar. 

We substitute into the equality (3.1) the following test function: 



w £ (x) 



Wk{x)+ ^ (J^W k (x £ ) - W k (x)^j ■ If 



ieX(e) 



d £ 



+ (vl{x)-w k {x £ )^-v(^-^^yj , x = (x,k)eti%, k = l,2, 
vf(x), x = { ! p,z)eG\, i€X(e). 
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Here Wk € C^°(il) (k = 1,2) are arbitrary functions, ip(r) : [0, oo) — >• M is a smooth positive function 
equal to 1 as r < 1 and equal to as r > 2, wf (5) is the solution of the following problem: 

-A e v? = 0, i e Gf U Bf, U 5f i; «? = £ e C% { 

(the sets Bj^, C ki are defined at the beginning of Section 2). It is easy to calculate vf : 

( a% r \x-xf\^ N + b kl , x = (x,k)en%, fc = l,2, 



where af^ = — af ^ 



2 [A^ + Bf, x = (<p,z)eGi, iel(e) 



2 + ^>-2)-2(- 
Integrating by parts in (3.1) we obtain: 



JV-2 



(3.24) 



= - 53 / ( n l" e - Aw + A £ (II|u £ )u;jdr- 

fc=l,2^ ^ ' 

-EE (a k(iD-#)U 

fe=l,2 i€X(e)j^ VV 



u £ dx— 



E E f A (( v i( x )- W k(x e i)) ■ fU- ^ — ))u e da;-A e E [u £ ™ E dx. (3.25) 

fe=l,2 i€X(e)ns ^ ^ V / "' ' ieX(e)M 



iex( e ) Ge 



In view of Lemma 2.3 the last term in (3.25) tends to zero as e — > 0. The second term (we denote it 
<5 e ) can be rewritten in the form 



fe=l,2i £ I(e) U 



V tOfe(o;f) - io fc (a;) • <p 



x - x^ 



V(U%u e )dx- / Aw k -U £ k u £ dx 



and converges to zero as s — > since E l-^il — * an d E IsuPPC'Pi ) I ~ ^ (here i^f = 

iel(s) i€X(e) 

^d^-^l/d 6 )). 

Finally we investigate the third term (we denote them F). One has: 



A(U(x)-w k (xl))^0-^^))(u £ -(u £ ) B ,Jdx+(u £ ) B ^ f %dx\, 
fc=i,2i 6 x (e) Vj. VV J \ * JJ on 



F = - E E 



where n is the exterior normal to S^. Taking in account (3.24) and Poincare inequality we obtain: 



E E M 

fc=l,2i6X(e)j£ VV y 

D EN 2 



(u £ - (u £ ) S |.) cte 



< 



^ 2 E E llv^||| 2(S|i) ^ o o, 



fe=l,2»ez(e) 
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and 



-1,2 ieZ(e) s i iel(e) 2 +— (TV- nN > 

{<F) N - 2 w(N -2) J (b{u £ - B £ u £ ^j (X £ W1 - X £ w 2 ^j dx 



n 

■"f»+^-»)-»(T 



, , N __.- Q V y (ui - u 2 )(w 1 - w 2 )dx. 



where V is denned by (1.8). We conclude that 

- X/ / ( u kAw k + X u k w k ) dx + V / (ui - U2)(ioi - w 2 )dx, Vtoi, w 2 e Cg°(f2), 

/ 1 O 



fc=l,2 



and thus Ao is the eigenvalue of the operator A (1.7). Theorem 1.4 is proved. 

4. Number-by-number convergence of eigenvalues and convergence of eigenfunctions 

In the last section we study the convergence as e — > of the eigenvalue \ £ m for fix number raeN. Also 
we describe the behavior of the eigenfunctions u £ m . 

We start from the case q — 0. Let {A m } m£ N be the sequence of eigenvalues of homogenized operator 
A that acts in L 2 (^l) and is defined by the formula (1.6) if (r = oo A D = oo) or acts in [L 2 (f2)] 2 
and is defined by the formula (1.7) if ((r < oo A D = oo) V D < oo). The eigenvalues X m , to € N 
are renumbered in the increasing order and are repeated according to their multiplicity. By N(\ m ) we 
denote the eigenspace that corresponds to A m . 

Theorem 4.1. Let q = 0. Then Vm <= N : X £ rn -> A m . 

Proof. We present the proof, for example, in the case ((r < oo A D = oo) V D < oo) (i.e. under the 
conditions of Theorem 1.4). For the case (r = oo A D = oo) theorem is proved in a similar way. The 
proof is based on the following 

Lemma 4.2. Let X be the eigenvalue of homogenized operator A, let M be the multiplicity ofX. Suppose 
that for j = m, . . ., m + M - 1 lim = A and lim X £ , < A < lim X £ , M . Then M = M. 

£^0 3 £^0 ™ 1 £^0 m + M 

Proof. When proving Theorem 1.4 we show that there exists a subsequence (still denoted by e) such 
that 

U k u £ -> u £ kj E Hq (O) (j = to, . . ., m + M - 1, fc = 1, 2) strongly in L 2 (£!) and weakly in Hq(Q.) 
and U,- = ( ^ ) are the eigenfunctions of A which correspond to A. By Lemma 2.3 

<W = lim«,U^)L 2 (M») = (Ua,U^)[L 2 (i2)] 2 , «, £ = TO, . . ., TO + M - 1. 

So we have M functions Uj (j — m, . . .,to + A'/ — 1) that belong to N(X) and are orthonormal in 
[L 2 {VL)\ 2 . Hence M < M. 

Now we prove that M — M. Assuming the opposite we suppose that M < M. Let H be the 
subspace of N(X) generated by Uj, j — to, . . ., to + M — 1. By the assumption N(X) 9H^ {0}. 
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Let F = G N(X). Then F £ Im(A - AI). We introduce the function f £ G L 2 (M £ ): 

(f k {x), x = (x,k)efl%, k = l,2, 
= \ 0, 5 g U G\. 

Let us consider the following problem 

-A £ u-Xu = f £ , 

m+M-l 

where f £ = f £ - (/% w^) L2 ( M e). For sufficiently small e |A — Af | > 5 > if j ^ m, . . .,m+M— 1. 

Therefore this problem has the unique solution u £ (x) G H^fl) that is defined by the formula 



(/ £ ,"j)l 2 (m>) 



j£N: j'jim,m+M-l J 

moreover 



a; — A 



\u £ \\ L2{M e) < S-'Wfh^Mn < C u ||V £ n £ ||| 2(M£) < A|| U £ ||i 2(ME) + (/ e ,u e ) i2(ME) 



< C 2 



Hence the subsequence (still denoted by e) exists such that HkU £ — > G i?o(Q), fc = 1,2. In the 
same way as in Theorem 1.4 we conclude that 



(A-AI)U = F- jF,U,) [i2(0)]2 , U=( 



j—m,m-\-M— 1 



(4.1) 



Now let us choose F from N(X) Q H. Then the right-hand-side in (4.1) is equal to F and therefore 
F G Im( A — AI) . We obtain a contradiction. Lemma is proved. □ 

It is easy to complete the proof of theorem. Let Ai has the multiplicity Mi (i.e. Ai = A 2 = 
... = Ami < Ami+i)- It follows from the condition (B) of Hausdorff convergence that |A^| < Cj 
(j = 1, . . ., Mi). Let e' C e by an arbitrary subsequence such that 

3 1imAf=A„ i = l,...,Mi. (4.2) 

By the condition (A) of Hausdorff convergence Xj G cr(A). By the property (B) Ai = Ai. By Lemma 
4.2 Xj = Xj for j = 2, . . ., Mi. Since e' is an arbitrary subsequence for which (4.2) holds then lim A^ = 

Xj, j = l,...,M 1 . 

For the next Xj (j > Mi) the theorem is proved by induction. □ 

Theorem 4.3. Let q = 0. Let A m _i < X m = X m+1 = . .. = X m+M -i < X M + m - 

m+M-l 

Then for any w G N(X m ) the linear combination u £ = a j u j an d the subsequence e' C e 

j=m 

exist such that 

n| u £ — > uik (k = 1,2) strongly in L2(^) and weakly in ff 1 (il), (4-3) 

s'— 5-0 

where w± = w 2 = w if (r = oo A D = oo) or ( Wl ) = w if ((r < oo A D = oo) V D < oo). 



W 2 



m+M-l 



Conversely for any linear combination of the form u £ = a j u j there exist w G N{X m ) and 

j=m 

the subsequence e' C e such that (4-3) holds. 
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Proof. Let for distinctness ((r < oo A D = oo) V D < oo) and the operator A has the form (1.7) (for 
the case (r = oo A D = oo) the proof is similar). Then there exists a subsequence e' C e such that 

Ilfeuf — > ui-, j = m, . . .,m + M — 1, k = 1, 2, the functions XL = ( lj ' ) belong to N(X m ) and are 

J e'— >0 J \ u 2j J 

orthonormal in [L 2 (0,)] 2 (sec the proof of Lemma 4.2). Then {Uj}™^^ -1 is the basis in N(X m ) and 

m+M—l m+M—1 

therefore w can be represented in the form w = O-jUj. We set u e = ^ Obviously u e 

j—m j—fn 

satisfies (4.3). 

Converse assertion actually is obtained within the proof of Lemma 4.2. □ 

Now let us consider the case q > 0, p > 0. Let < A} < An < . . . < XL < . . . -> {ir 2 q~ 2 \ be 

the subsequence of eigenvalues of operator pencil A(A) (see Theorem 1.1) that belong to the segment 
(0,7r 2 g -2 ). Here we write them in increasing order and with account of their multiplicity. 

Theorem 4.4. Let q > 0, p > 0. Then VmeN: X e m -> A^. 

Proof. The proof is directly follows from Theorem 1.1 and from the following lemma which is an 
analog of Lemma 4.2. 

Lemma 4.5. Let X be the eigenvalue of A(A), let M be the multiplicity of X. Suppose that for j = 
m, . . ., m + M - 1 lim A^ = A and lim Ai, , < A < lim X e m , M . Then M = M. 

Proof. When proving Theorem 1.1 we show that there exist a subsequence (still denoted by e) such 
that 

U k u 6 , -> ui • € -ffn(^) (j = . . .,m + M — 1, fc = 1,2) strongly in L 2 (£l) and weakly in HifO.) 

and Uj = ( 1] ] are the eigenfunctions of the pencil A(A) that correspond to A. 

Using Lemma 2.4 and the parallelogram identity we obtain for Va, [3 G {m, . . ., m + M — 1}: 

<W = lim«,^) L2(ME) = 

= (U a ,Up) [L2{n)] 2 +h (U a ,U ? ) [Ij(n)]J +fc 2 ((mi q ,u 2 /3)l 2 (o) + (W2a,ui/3)i 2 (0)) • (4.4) 

Let us recall that also A is the eigenvalue of the pencil A(A) (3.11), it solves one of the equations 
(3. 12), (3. 13) (possibly it solves both equations). By N(X) we denote the corresponding eigenspace, 

obviously dimA(A) = dimA(A). We denote = u\j ±u 2 j. Then the functions Uj = ^"-^ belong to 

N(X). 

One has 

Va,/3 e m, . . .,m + M - 1 : (u+, u^) i2(n ) = 0. 

Indeed if A solves only one of the equations (3.12) and (3.13) then either u+ = or uj 3 = while if 
A solves both the equations (3.12), (3.13) then u+ and are the eigenfunction of the operator —A 
corresponding to some (nonequal !) eigenvalues \i + and v~ . 
Then it is easy to rewrite (4.4) in the form 

5 a0 = lim(u|,u^) L2(J if«) = p + (u+,u£)+p-(u-,i£), P ± = ^ + \(ki±k 2 ). 
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1 ( 1 T cos (qVAJ ± sin ( qy/x] \ 

Remark that p ± > - since k\ ± k 2 = — jJ- — -. — -j=\ — — > 0. Therefore 5 a p = 

2 2aVAsin 2 (qVx) 



U Q , U/3 J _, where H = £2(^5 p + dx)(SL2(fl, p dx). Therefore the functions XJj (j = m, . . ., m + M — 1) 

/ H ^ 

are linearly independent and thus M < dimTV(A) = M. 

The proof that M — M is completely similar to the proof of this equality in Lemma 4.2. □ 

Theorem 4.6. Letq>0,p> 0. Let A, 1 n _ 1 < X x m = A^ +1 = . . . = A i l rl+M _ 1 < A^ +m . 

, \ m+M-l 

T/ien /or any w = I 1 I € N(Xl n ) the linear combination u £ = a j u j an d ^ e subsequence 

e' C e exist smc/i t/ia£ (4-3) holds. 

m+M-l 

Conversely for any linear combination of the form u e = ^ a^u^ t/iere exist w ' 
N(X] n ) and the subsequence e' C e such that (4-3) holds. 



W-2 



The proof is similar to the proof of Theorem 4.3. 

And finally we consider the case q > 0, p — 0. Here we restrict ourselves to the investigation of the 
number-by-number convergence of eigenvalues. By {A m } m£ N we denote the sequence of eigenvalues of 
the operator A that acts in [X 2 (£!)] 2 an d is defined by (1.3). The eigenvalues {A m }„ l£ N are renumbered 
in the increasing order and are repeated according to their multiplicity. We denote: 

M. = max m 

X m <TT 2 q- 2 

Theorem 4.7. Let q > 0, p = 0. Then XL, — > X m if m < M and XL, — > -K 2 q~ 2 otherwise. 

Proof. Using Lemma 2.4 (see (2.12)) one can easily proof that for any A € {A to } to£ n such that 
A ^ {(7rn) 2 g _2 }„ e N the assertion of Lemma 4.2 holds true. Then in the same way as in the proof of 
Theorem 4.1 we conclude that XL — > X m if m < M. and A e M ,i —¥ n 2 q~ 2 . 

It remains to proof that X*L — > n 2 q~ 2 \{ m > M. + I. We prove this by induction. Suppose that 
^ Q 7i" 2 <7 -2 if-M + l<m<Al+/i, ^>0. Then we have to prove that X £ M+ll+l -> 7r 2 o~ 2 . 
By j = j(e) we denote such multiindcx j = j(e) e 1(e) that 

M+fi M+fj, 

E IKJlL( GJ ) < E IKIlL(Gf) forVzeX(e) 



M+l M+l 



It is easy to see that 



M+fi 

E H«mllL(Gj) < Ce N (4.5) 

Let us introduce the following function v 6 e Hq(M £ ): 

yS= ( [|<f u,^" 1 ] - 1/2 ■ sin (n(qz)-iz) , x = (if, z) G GJ, 
10, otherwise. 

We have: 

ll» e |lL(M.) = l. HV^ e ||i 2( ^ =) =tt 2 (^)- 2 , (4.6) 

(i; £ ,u^) i2(M .) -> 0, m= 1,...,7W + m- (4.7) 
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The statement (4.7) follows from (2.12) for m = 1, M and from (4.5) for m = M + 1, M + fj,. 
We denote 

M + u 

V £ =V £ - U m ( V ^ U m)L 2 (M') 

Since (v e , u% 1 )l 2 ^m s ) = for m = 1, . . + /i then by Courant minimax principle 

A£ < IIv^IIL(m.) U8) 

*M+u+l ^ ij=Fp l 4 -°J 
F Hl 2 (m») 

It follows from (4.6)- (4.8) that lim sup ^Xt+u+i — ^ Q 

On the other hand ttV 2 - lim A^ +M < liminf X e M+fl+1 . Thus lim \ £ M+fJt+1 = n 2 q~ 2 . 
Theorem is proved. □ 
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